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1 9 .  Abstract . 

Suppose  on  a  probability  space  (Q,F,P  )  a  partially  observable  random  process 
Oi  is  given  where  only  the  second  component  (v,)  is  observed.  Furth¬ 
ermore  assume  that  (.r;,y, )  satisfy  the  following  system  of  stochastic  differential 
equations  driven  by  independent  Wiener  processes  (W  j(f))  and  (U'  -,(/)): 

dx,  =  -^x,  dt  +  dW  ^{t),  Xq  =  0 

dy,  =  ax^dt  +  vq  ^  Oi  a,  B  €  (n.b)  a  >  n 

We  obtain  a  large  deviation  inequality  for  the  maximum  likelihood  estimator 
(m.l.e.)  of  the  unknown  parameter  0=  (a.P).  This  inequality  enables  us  to  prove 
the  strong  consistency,  assiriptotic  normality  atij  covergence  of  the  moments  of  the 
m.l.e..  The  method  of  proof  can  be  extended  to  obtain  similar  results  when  multi¬ 
dimensional  instead  of  one  dimensional  processes  are  considered  and  9  is  a  k- 
dimensional  vector. 
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Parameter  Estimation  in  Linear  Filtering 

by 
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Suppose  on  a  probability  space  (Q,F,P  )  a  partially  observable  random  process 
(.v,,y,),r>  0;  is  given  where  only  the  second  component  (y,)  is  observed.  Furth¬ 
ermore  assume  that  (.v,,}’,)  satisfy  the  following  system  of  stochastic  differential 
equations  driven  by  independent  Wiener  processes  ( VF  ](r ))  and  {W  2(1)) ’■ 


riv,  =  -  P  r,  dt  +  dW  ^(t),  .to  =  U 

dv,  =  axid:  r  dW  2{t),  y^  =  0;  a,  p  e  (a  >  0. 

We  obtain  a  large  deviation  inequality  for  the  maximum  likelihood  estimator 
(m.l.e.)  of  the  unknown  parameter  0=  («,P).  This  inequality  enable.s  us  to  prove 
the  strong  consistency,  asymptotic  normality  and  covergcnce  of  the  moments  of  the 
m.l.e..  The  method  of  proof  can  be  extended  to  obtain  similar  results  when  multi¬ 
dimensional  instead  of  one  dimensional  processes  arc  considered  and  9  is  a  k- 
dimcnsional  vector. 
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Parameter  Estimation  in  Linear  Filtering 


I.  Introduction  Suppose  on  a  probability  space  (Q,F,P  )  a  partially  observ¬ 
able  random  process  {x,,y,),i>  0;  is  given  where  only  the  second  componem 
(y,)  is  observed  (both  the  components  could  be  vector  valued;.  Furthermore 
assume  that  (.t,  ,y, )  satisfy  the  following  system  of  stochastic  differential  equations 
(SDE): 

dXi  =  F  x,  dt  +  G  dW  ,  ( / ) ,  jr  ^  =  X  q 

dy^  =  H  X.  dt  +  dW  2(f),  Vq  =  0;  (1.1) 

where  (VFj(r))  and  {W  2{t))  arc  independent  standard  Wiener  processes  and 
F,G,H  are  nonrandom  matrix  valued  functions  of  appropriate  order.  The  initial 
value  Xg  is  assumed  to  be  a  Gaussian  random  variable  independent  of  both 
(VFlO)  and  (IF  2(0). 

The  estimation  of  unknown  parameters  in  H  ,G  and  F.  based  on  observations 
(y,,0<  t<  T)  is  known  as  "system  identification".  It  appears  that  this  problem  of 
system  identification  was  first  considered  by  Balakrishnan  (1973),  who  proved  the 
weak  local  consistency  of  the  maximum  likelihood  estimator  (m.l.e.)  under  suitable 
regularity  and  identifiability  assumptions.  Later  Bagchi  and  Borkar(1984)  showed 
the  strong  global  consistency  of  the  m.l.e.,  for  a  slightly  more  general  model.  In 
their  case  the  signal  process  could  be  an  infinite  dimensional  process  of  the  follow¬ 
ing  kind; 

t 

X,  -  j  D  dW  ) 

0 

wheie  Si,t>  0,  is  a  strongly  continuous  semigroup  with  generator  A  on  a  separ¬ 
able  Hilbert  space  H  ,  VF  j  is  a  Brownian  motion  on  a  separable  Hilbert  space  K, 
and  D  is  a  bounded  linear  operator  from  K  to  H  .  The  observation  process  y, . 
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however,  is  finite  dimensional  and  satisfies  the  following  SDE: 

/ 

V,  =  1  C  X^ds  -fr  W  2{t) 

0 

where  C  is  a  bounded  linear  operator  from  H  to  /? '^  and  H  i  valued 

Brownian  motion  independent  of  W  j.  The  vector  of  unknown  system  parameters 
9  is  assumed  to  be  a  point  from  a  compact  set  in  ^ . 

Under  suitable  stability,  controllability  and  differentiability  assumptions  they 
prove  the  strong  consistency  of  the  m.l.e.  of  0.  No  discussion  of  the  rate  of  con¬ 
vergence  is  provided. 

It  was  Kutoyantsf  1984)  who  first  considered  the  question  of  asymptotic  nor¬ 
mality  of  the  m.l.e.  in  this  setting.  However,  he  only  considered  the  following  spe¬ 
cial  case  of  the  model  in  (1.1): 

dxi  =  -  ^  X,  d[  +  dW  ^{t),  -t 0  =  0 

dy'i  =  axid:  +  dW  lit),  vq  =  0;  a,  P  €  (a./?),  a  >  0.  (1.2) 

(All  the  processes  involved  in  (1.2)  are  assumed  to  be  one  dimensional).  In  the 
above  model,  when  p  is  a  known  constant,  he  obtained  a  large  deviation  inequality 
for  the  m.l.e.  of  a  which  in  turn  implies  the  strong  consistency,  asymptotic  normal¬ 
ity  and  the  convergence  of  moments. 

Here  we  extend  this  result  to  the  m.l.e.  of  the  bivariate  parameter  6=  (a.p). 
It  should  be  emphasized  that  Kutoyants’s  technique  can  not  be  applied  to  this 
bivariate  estimation  problem  (not  even  for  the  univariate  estimation  of  P  when  a  is 
a  known  constant)  since  a  special  type  of  dependence  of  the  filtered  signal  (which 
appears  in  the  likelihood  ratio)  on  the  unknown  parameter  a  is  very  cs.senlial  for 
his  approach.  In  the  case  of  the  above  model  the  dependence  of  the  filtered  signal 
on  the  unknown  parameter  0  is  not  of  this  particular  type  and  thus  his  technique  is 
no  longer  applicable.  This  comment  is  briefly  explained  in  a  remark  (Remark  .T2) 


_ j 
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at  the  end  of  this  article.  On  the  other  hand  it  will  be  clear  that  the  method  we 
have  used  can  be  applied  without  any  major  modification  to  the  general  model  con¬ 
sidered  in  (1,1)  if,  besides  identiliability,  the  following  two  conditions  arc  satisfied: 

i)  The  parameter  space  0  is  an  open,  bounded  subset  R  ^ . 

ii)  The  eigenvalues  of  the  matrix  F  lie  in  the  open  left-half  of  the  complex  plane. 
(However,  the  computations  become  quite  cumbersome.) 

The  main  result  along  with  the  necessary  notation  is  given  in  Section  2  and  the 
proof  which  is  based  on  Theorem  3.1  is  givenin  Section  3. 

2.  Notation  and  Statements  of  Results  From  now  on,  unless  mentioned  other¬ 
wise,  the  signal  and  observation  processes  x,,y,,t>  0;  will  refer  to  the  solution  of 
the  SDE  in  (1.2).  Also  assume  that  the  bivariate  parameter  0=  (a, [3)  is  an  ele¬ 
ment  of  Q  =  (a  ,h )  X  ( a  ,b ),  a  >  0,  b  <  .  The  letter  C  ( with  or  without  a 

subscript)  will  denote  a  positive  constant  independent  of  T  (the  lime  parameter);  ii 
need  not  be  the  same  in  two  different  expressions. 

For  0  <  t  let  x,  be  the  conditional  expectation  of  x,  given  the  observa¬ 
tions  up  to  time  t  i.e., 

x,  =  E(  X,  IF^  )  (2.1 1 

where  is  the  O-  field  generated  by  {y^,  0<  f  )  and  all  the  P-null  sets; 

furhermore  let 

dv,  =  dy^  -  (XXi  dt.  i1.2) 

Then  it  is  well-known  that  (v,)  is  a  Wiener  process  and  moreover  the  process  (.f, ) 
satisfies  the  SDE, 

dx,  =  X,  dt  +  aa,  dVj,  xq  = 

where  a,  is  the  (unique)  solution  of  a  (deterministic)  differential  equation  known 
as  the  Riccati  equation.  More  precisely,  a,  is  the  solution  of  the  following 


Let  Cr  denote  the  space  of  real  valued  continuous  functions  defined  on  10,7  | 
endowed  with  the  sup-norm  topology  and  let  C/-  be  the  a-field  of  Borel  sets  in 
Cj-  Furthermore,  let  P  denote  the  measure  induced  by  the  paths 
(  y,,0<  5  <  7  ;  on  (  Cr.Cr  )• 

Then  in  view  of  the  relation 

dy^  =  ai,f0,yj  dt  -i-  civ,®,  (2.5) 

ft  ft 

and  the  fact  that  v,  is  a  Wiener  process,  it  follows  that  Pj  is  equivalent  to  the 
standard  Wiener  measure  defined  on  f  Cr.C/-  ),  Furhermore  the  density 

or  the  likelihood  function  of  the  data  ( 0<  5<  7  )  at  9  is  given  by 

r  If". 

— - (y)  =  expf  J  axi(d,y )  dy,  -  a"  .x,(d,y  di  ).  (2.6) 

0  -0 


The  verification  of  this  fact  is  quite  straight  forward;  for  example  it  follows  from 
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the  combination  of  two  results  (Theorems  7.3.1  and  7.3.2,  pp  '7h)  irom  Kallianpur 
(  1980). 


Let  hjiy)  be  the  m.l.e.  of  0  based  on  observations  fy,  ),  0  <  i  <  T  i.e  .  the 
maximum,  over  the  parameter  space,  of  the  above  likelihood  ratio  is  aitan'.cJ  ai  0/ 
Suppose  H  Q,  R  and  Gq  are  trace  class  operators  (R  q  is  self-adjoiiui  defined  on 
L  "[0,7  ]  with  respective  kernels  ; 


H  Q(t,s)  =  [  1+  P(f-.v  )-^  a-+  P'(  f-  .V )  1  e  ' 

\  a-+p- 


if  0<  s<  t<  T  and  equal  to  zero  otherwise; 

RQ(t.s)=  - — - ,0<,v.r<7;  i2,s, 


and 

G0(f..v)  =  ( 1+— +  (T9) 

if  ()<  j<  t<  T  and  equal  to  zero  otherwise. 

Let  H*  and  G*  denote  the  corresponding  adjoint  operators.  Then  it  is  ease  to  ver¬ 
ify  the  following; 

i)  Urn  trace[H R  H  *  +  HH  *  ]  =  <5  <  °° 

ii)  Urn  trace  [GRG*  +  GG*]  =  02^  <  °° 

T  -^00  7 


and 


Hi)  Urn  trace  [HR  G*  +  HG*  ]  =  Oi2<  °°  • 

T  -»oo  7 

Also  if  Z  denotes  the  2x2  symmetric  matrix  with  Z | ,  =  a  | ^  I2:  “ 
Z]2=  Oi2>  fUen  it  is  easy  to  check  that  Z  is  strictly  positive  definite. 
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Theorem  2.1  The  m.l.e.  of  d  has  the  following  properties: 
i)  Qf  IS  a  stron'elv  cosustent  estimator  of  Q. 

ID  As  T  tends  to  infinity  the  distribution  of  s  T  (6/  - 6)  converges  to  the  normal  distrdiu- 
tion  with  zero  mean  and  covariance  matrix  Z~’.  Furthemort.  for  every  p>  (),  the  p  ih 
moment  of  the  norm  of  s  T  (0  /  -0)  converges  to  the  p  th  moment  of  the  norm  of  this 
normal  variable. 

till  For  h>  0  and  large  T  ,  T  >  T 

Pj  {  \--T  (0,  -0)  l>  /z 

where  B  0  are  constants. 


3.  Proof;  The  result  is  proved  by  verifying  the  conditions  of  tlic  theorem  given 
below  (Theorem  3.1)  which  is  a  modified  version  of  a  result  b>  Ibragimov  i; 
Hasminskii  19K1 )  (Theorem  10.1,  Ch.l).  In  this  version  the  conditions  of  the 
theorem  are  stated  in  terms  of  the  lo^likclihood  function  rather  than  the  likelihood 
function  and  moreover  the  statement  is  simplified  to  suit  this  particular  evample  of 
bivariate  parameter  estimation.  The  proof  of  this  modified  version  can  he  e.isiK 
deduced  from  a  more  general  result  from  Kallianpur  and  Selukari  19S9i, 

For  stating  Theorem  3.1  we  first  need  some  notation: 

For  0€  0  and  observations  (>',),  0  <  t  <  T let 

dP  ^ 

l(Q)  =  (7  ( 9,  V  )  =  In  ■■  ^  (\  ).  I'll 

Then  from  (2.6). 

T  I 

l(Q>  =  j  ai,f0,yj  c/y,  ~  ~  |  a* .f , f O.y ) “  t/r.  (3  2i 

a  -  0 

Suppose  that  9=  (a.p),  an  element  of  0,  is  the  true  parameter.  For  each 
T  >  0,  define  a  random  function  Zj(u)  with  domain  L',  .  a  subset  of  R~.  as 
follows: 
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U  j  ~  r  ('  0  -  0  j  =  '•  7'  (ci-a,  /?-  a)  X  (a  -  p,  /;-  (3 i  v  ^  i 

ail  d  fo  r  M  e  U  /  , 

Z  j(u)  =  / f 0  +  — ~  j  -  / ( 0)  (3.4) 

V  T 

(Clearly  Z  and  U  j  depend  on  the  true  parameter  0  but  this  dependenc  is 
suppressed  for  notational  convenience.) 

Theorem  3.1  Assume  that  the  random  functions  Zfiu)  satisfy  the  UHlowmc  'Jwee 

conditions: 

h 

sup  E Q  \  Z  T  i  u  )  -  Z  T  (w )  \'^  <  C  \  u  -  \v  l'^ 

'll  \.  :.v  !<  St 
«  ,  W  €  V  J- 

II)  For  u  e  U  I  und  T  lar^c.  T  >  T 

EqCxp  (  -^  Z  I  (u  )  )  <  exp  (  -  C  '  \u  I' ). 

•4 

III)  /l.v  T  —t  ^  the  finite  dimensional  distributions  of  Zj(ii)  lonser^e  to  the  finite 
dimensional  distribution’'  of  Z  (u)  where  for  u  &  R 

Z  ill)  =  u'y e  — ^  '-^0 M 

here  Y  q  is  a  zero  mean  bivariate  normal  variable  yvith  invertible  covariance  matrix  Ay. 
(Note  that  Z(u)  is  a  real  valued,  continuous  random  functuin  defined  on  R  ~  which 
attains  its  maximum  at  a  unique  (random)  point 

Then  the  m.l.e.  Oy  is  a  consistent  estimator  of  0  and  V  T  ^  0y  -  0  )  eonverqes.  in  distri¬ 
bution,  w  Ay'  *  T  g.  Moreover,  for  h  >  0  and  large  T  ,T>  T q. 

Pq  {  i'>  7  (0y-0)  l>  h  j=  SgCXpl  - “) 

where  B  o.^o>  0  ore  constants.  This  implies  that  for  all  p  >  0. 

lim  E  Is  7^  (  0y  -  0)  IP  =  £  IA"'Kgi^. 

7  — ♦ 
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\Vc  shall  verily  the  conditions  of  Theorem  3.1  using  several  lemmas.  The  lirst  luo 
lemmas  are  technical;  Lemma  3.1,  (i)  gives  a  bound  on  the  higher  moments  ol  the 
L~  norm  of  a  square  integrable  Gaussian  process  in  terms  of  its  second  moment 
and  Lemma  3.1,  (ii)  bounds  its  moment  generating  function.  The  lemma  is  proved 
using  some  simple  properties  of  the  Karhunen-Loeve  expansion  of  the  square 
integrable  Gaussian  processes.  The  details  of  the  proof  can  be  found  in  Selu- 
kar(  1989)  (Lemmas  4.1  &  4.2,  Ch.3). 


Let  (K,j,0<  t<  T  be  a  zero  mean  Gaussian  process  such  that 

I 

E  j  Y,-d:  < 

0 

Let  D(r,s')  be  the  covariance  function  of  the  process  and  D  be  the  corresponding 
covarince  operator.  It  is  well-known  that  D  is  a  self-adjoint  trace  class  operator  and 

T 

trace  (D)  =  £  j  (Yi)~dt.  (.3..3i 

0 

Lemma  3.1  n  For  all  k  >  1 

T  k  T  k 

E  (  j  Y,-dl  >  <  k’^  [E  (J  Y,-dt)  1  . 

0  0 


ill 


T 

E  exp  (  -  I  Y di  )  <  exp  (  - 
0 

where  I  ID  I  I  is  the  operator  norm  of  D  . 


trace  ( D  ) 
1-1- 2  HD  II 


In  the  next  lemma  we  collect  some  useful  properties  of  an  integral  operator  delined 
on  L^[0,r].  The  proof  of  this  lemma  IS  simple  and  so  it  is  ommitted. 

For  X>  0  and  m  a  non-negative  integer,  let  L  be  an  integral  operator 
defined  on  L  “[0,7  j  with  kernel  L(t,s)  given  by. 
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L(t,s )  =  It-s  r  0<  3  <  t<  T 

=  0  otherwise. 

That  is,  for  /  e  L^[0,T], 

T 

(Lf  )(i)  =  j  L(i,s)  f  is)  ds. 

0 


L  is  a  special  case  of  Volterra  operator.  Let  I IL  1 1  be  the  operator  norm  of  L  and 
L  denote  the  adjoint  of  L  .  Then  LL  is  a  self-adjoint  trace  class  operator  and  it 
is  easy  to  check  that 

r  I 

T race  ( L  L  *  j  =  |  j  L^(t  ,s)  ds  dt 
0  0 


I  I 

=  7  j  ii-"'  du  -  I  e~-^^  dii. 


Lemma  3.2 


ij  I IL  1 1  <  <  2  (  ) 

•  -r  /r  f  *  ,  ^  V{2m+  1) 
n)Trace(LL  )<  - ; - -T 


Hi)  For  large  T  ,  7  race  (  LL'  }  > 
1 


rcmd-l)  7 


r(2m+n 


iv)  lim  —  Trace  (LL  )  = 

r  «  T  f2Kr'”"‘ 

v)  If  L  1  and  L  i  are  rwo  Volterra  operators  of  the  above  type  then  the  operator  L  ^L  ^  is 
also  a  Volterra  operator  which  is  a  finite  linear  combination  of  the  operators  of  the  above 
type. 


Remark  3.1  Note  that  the  operator  norm  of  L  has  a  bound  independent  of  7  and 
the  trace  of  LL  *  is  of  the  same  order  as  that  of  7 .  It  is  obvious  that  statements  ol 
the  above  lemma  can  also  be  obtained  for  an  operator  M  which  is  a  linear  combi¬ 
nation  of  L,  s. 


-  10  - 


LetX,(0,v)  =  aXi(Q,y).  Then,  using  (2.4), 

I 

X,(e,v)  =  (_p+  a-+p')J 

0 

From  (3.2) 

7  T 

I ( e,y  )  -  j  X,  ( e,y )  dy.  -  ^  J  X,  ’( 0  y )  dt 
0  -  0 


Therefore 


(3.6) 


Zr(ii)  =  HQ) 

s  T 

T 

=  I  [X,iQ+-iL,y)-X,{Q,y)\dy, 

0  ' 

T 

(^,^8+-=.y)-X,2(0,y)l^fr 
-  0  ‘ 

If  wc  complete  the  square  in  the  second  term  of  the  RHS  and  rearrange  ihe  lernis 
we  get, 

T 

Zj(u)^  j  /X,{d+-^,y)-X,{e,y)}dv,^ 

0  ^ 

T  2 

-  4-J  [X, (Q+^,y)-X, (Q,y)  f  dt  (3,7) 

*-  0  ‘ 

where  dVf^  -  dy)  -  Xt(Q,y )  dt .  Recall  that  under  <  v,  ®  is  a  standard 

Wiener  process. 

From  now  on,  unless  stated  otherwise,  all  the  expectations  arc  taken  w.r.t.  the 
true  probability  measure  P ■  Also,  in  order  to  simplify  the  notation  we  may 

sometimes  write,  Z(u)~  Zj(u),  Xi(u)  =  .X,(0+— ^,yj  and  dv,  =  d\\^. 

\  T 

The  next  lemma  verifies  the  first  condition  of  Theorem  3.1. 


Lemma  3.3  For  u  ,w  e.  U  t  ^  It7  I,  Iw  I  <  M  , 
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E  ( Z  r  ( u  )  -  7.  [■  ( w )  }'^  <  C  l«  -  w  l  ’ 
where  C  depends  only  on  a  and  b .  Recall  that  0=  (a  ,h  )'x  (a  ,h  ) . 


Proof  From  (3.7), 


T 

Zr(u)  -  Zt(w)  =  j  /  X^(u)  -  X,(w)  /  riv, 

0 

r 

-  {IX,(U)  -  X,{0)  r  -(  X^(W  I  -  x,(0/ 

-  0 

=  TERMl  -  —  TERM!  sav. 


Then, 


E(Z  (u)  -  Z  (wj)-'  <  16{  EiTERM  1  )“*  +  —ElTERM  2/  ). 

1 6 

Consider  E(TERM  I)-': 


r 

E(TERM  \}^  =  E{  \  /  X^(u)  -  X,(w)  ]  c/V,  )■* 

0 

T 

<  16E  (f  [X,(u)  -  X,(w)  /'  dt  )- 
0 


(Follows  from  Burkholder’s  martingale  inequality  and  the  faei  that  (  v,  i 
Wiener  process  under  Pq’  .) 

T 

<  64  {j  E  lX,(u)  -  X,(w)  ]^dt  P 

0 

because  of  Lemma  3.1  (i). 

Note  that  from  (3.6), 

{ 

X,(u}  -  Xi(w)  =1  (E^  -  L„)([,s)  dy\ 

0 

where  =  L  „  is  given  as  follows; 

V  f 


/-  I  d! 


(  3. Si 


i.s  a 


(3.9) 


( .L  10) 
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LJ[,s)=  for  0<  s  <  t  <  T 

=  0  otherwise; 

1 

U  ->  U  T  ,  /<  1  ,  , 

9-1- -  \  I  '.  /  '-I 

N  T 

and 

1 

/<  T  ,  U  \  ^  ^ 

=  ((P+^)4(a+^>2|- 

9-»-  - =r  N  /  >  / 

^  T 

(Note  that  u  =  ( u  ^,u  t)  is  a  point  in  U t  a  R  ~.) 

Now  recall  that  (see  (1.2)) 

dy\  ~  a.t,  dt  +  dW  dt)  ( .^.  1  ! ) 

where  the  ’signal’  (x,  j  and  the  observation  ’noise’  (lV2(rjj  arc  independoni.  Let 
R  (f,5)  denote  the  covariance  function  of  ar,  i.c.  R  (i,s)  =  E(Xi.x,i.  Then  since 
Xi  is  the  familiar  Ornstcin-Uhlcnbeck  process  it  follows  that 


R  (t,s} 


^-(3  !/-5  I  _ 

2P 


(  .Vl2| 


If  R  is  the  integral  operator  with  the  kernel  R  (t,s).  Then  it  is  easy  lo  cheek  that 
R  =  R  iR  i*  where  R  i  is  the  Volterra  operator  with  kernel 

R  j(t,s)  =  for  0<  s  <  t  <  T. 

Therefore,  by  Lemma  3.2,  /?  is  a  trace  class  operator  and 


HR  II  <  ( .TI.3) 

From  (3.10),  (3.1 1)  and  the  independence  of  (x,)  and  (VV  2(0)  it  follows  that 
T 

j  E  [Xt(u)-  X,(w)  J^dt 
0 


-  13  - 


r  I  I 

=  j  J  I  (L^  -  L,J(t,v  )  R  (v,s  )(L^  -  L^)(t,s  )  (is  dv  dl 
0  0  0 

T  t 

+  j  j  (L^  -  L^)^(t,s)ds  dt. 

0  {) 

=  Trace  [(L^-L^)R  (L^-L^)*  }+ Trace  {( L L.^., )( L L \ 

where  L„  denotes  the  integral  operator  with  kernel  L^^d.s)  and  (L^)  its 
adjoint. 

Next  using  (3.13)  and  the  fact  that,  for  any  two  trace  class  operators  ./ ,  and  ,/ 

TraceiJ^Jz)^  TraceiJ x).\\J iW  (3.14) 

where  117211  =  the  operator  norm  of  J 2<  it  follows  that 
T  ^ 

\  E  IX,(u}- X,(w)rdi  <  (\^~)Trace(L^-L^)(L,-L,J* 

0  P 

r  / 

=  (l+-\)j  j  (L^-L,j"(t,s}ds  dc. 

poo 

<  C  {(Mi-h’j)^+  1  (3.1.3) 


The  last  step  is  obtained  using  Taylor’s  theorem  and  Lemma  3.2  as  follows; 
L  ,s )  ~  L  iS )  —  ^  ^  ^  ^ 


iU2-W2)  d 

vr“  ap  *<'-o 


Ml  Wj  U2  >^2  ^ 

where  u  e  (a+ — =,a+ -7=)x  ((3+ -7=,P+ -^)  c  0.  [u  may  depend  on  t  and 

vT  'i  T  'IT 

s .)  Therefore 

(L^-L^)^([,s) 

T  0e0  oa  c/p 


^  —  [  (u  ]  -  w’i)‘+  ( 2“  vvj)^  1  {(  C  i+C2(7-5  )  +  C  3(  f-  .V )  -  )  exp(  -  C  ^{1- 

CjS  are  positive  constants  which  depend  on  a>  0  and  h  onl>,  (Recall  that 
@=  {a  ,b)x{a  ,b)  )  Therefore 

T  t 

j  (L^-L^f^(t,s)ds  dt 
P  ■  0  0 

4  0 

<  Y  I  («i-w,)^+  (ti2-vv2)^] 
r  I 

xj  j  {(  C  i+C2(t-s)+C3(i-s)^)exp(-C^(t-.<;))}ds  di 
0  0 

^  ^  llu-w  II-  ^ 

<  C  - - - X  T 

(Follows  from  Lemma  3.2  (ii)  and  Remark  3.1)  Thus,  from  (3.9)  and  (3.15)  it  fol¬ 
lows  that 

E{TERM\)^<  C  I  Itt-H- 11“^.  (3.16) 

Now  consider  TERM  2: 

T 

(TERM  2)^  =  j  {[  X,(u)  -  XJO)  -  [X,(w>  -  .V,(())  /"  1  di 
0 

T 

<  (j  {[X, (LihX, (0)1+ IX, (w)-X, (())!)- dt)- 
0 

T 

X  (j  {X,(u)  -  x,iw))^dt)^. 

0 

We  have  used  the  identity  (x^-y^)  =  (x+y)(x-y)  and  then  applied  the 
Cauchy-Schwartz  inequality.  Thus,  again  applying  the  Cauchy-Schwartz  inequality, 

T 

E{TERM2)^<  {E(\  ([X ,( u  )-X,(0)l  +  [X,(w )- X,(0)  [}- dt )' 

0 

T  J_ 

X  E(j  (X,(u)- X,(w))^d[)^}^  . 
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<  {  16(C4‘^l  lli<-OII^+ llw-011*^])  X  C 

(Using  Lemma  3.1  (i)  and  the  calculations  done  for  TERM  I.)  Thus,  since 
I  \u  II,  I  Ivv  1 1  <  M  , 

E{TERM2)^<  C llit-vv  11''.  (.L17) 

Now  the  statement  of  the  lemma  follows  from  (3.8),  (3.16)  and  (  3.17). 

Lemma  3.4  For  u  &  U  j  CLi^d  T  large. 

E  exp{  — Z  r(u))  <  exp  ( -C 'I  l«  1 1“) 

4 

where  C  '>  0.  depends  on  a  and  b  only. 

Proof  :  From  (3.7) 

£  exp(4zr(it)) 

4 

T  T 

=  £exp(4/  [X,(u)- X,(0)J  -j  [  X,(u  )  -  X,(0)  dc  ) 

T  7 

<  {£exp(4|  [X,(u}-X,(0)ldv,^-  [  X,(u)-  X,({))  rdt  ) 

r  J_ 

x£exp(-Yl  [X,(u}-X,(0)]^dt)]^ 

°  0 

(By  the  application  of  the  Cauchy-Schwartz  inequality.)  Note  that  the  first  term  of 
the  product  in  the  bracket  is  a  density  (w.r.t.  Pq^).  Therefore 

/■  j_ 

£  exp(  — Z7-(«))  <  {l.£exp(-^|  i  X,(u )  -  X,({)}  l~  dt  )  }- . 

4  8  •'o 

The  RHS  above  can  be  easily  bounded  by  applying  Lemma  3.1  (ii)  since 
=  [  Xi( u )  -  Xi(0)  I  is  a  Gaussian  process.  Let  Fll.-s)  be  the  covariance 
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function  of  this  process  and  F  be  the  corresponding  covariance  operator.  Then 


r-  ,  1  -7  /  ^  i  traceF  , 

£exp(-ZH«))S 

From  the  calculations  made  in  order  to  bound  E  (TERM  I  in  Lemma  3.3  (with 
ii  =  u  and  w  =  0)  we  can  make  the  following  obsevations; 

i)  F  =  (L^-Lq)R  (L,- Lo)*  +  (L,-  Lq)(L^-  Lq)* 

ii)  I  IF  1 1  <  C 

iii)  TrF  =  Tr(L^-  Lq}R  (L^-Lo}*+Tr(L^^-LQ)(L^~LQ)*  and  since  the 
first  term  is  always  positive, 

TraceF  >  Trace ( -  L  q)  -  L  q)*  >  C  I  lit  1 1^; 

where  C  >  0. 

In  order  to  see  (iii)  first  recall  that 

T  t 

Trace(L^- Lq)(L^- Lq)*  =  j  j  (L^- L  q)^{i  ,s)  ds  di. 

0  0 


Now 

(“i)  a  , 

L^{t,s)-  LQ{t,s)  =  — Ly(r,5) 

(«2)  d  ,  ,  , 

^  Vr 

U  J  U  2 

where  M  e  (a+-;j-=,a)x(P+-^,P)  c  0.  (m  may  depend  on  r  and  s.)  There¬ 
fore 

(L^-LQ)^(t,s) 

a 


^  '  2  1  f  ;„/■  /•_§_/  \2. 


^  —  [  (mi)^+ (Wi)  ]  I '«/ (3— +  inf  {—LQ)-{t,s)  ] 

T  ^  Gee  aa  06  0  ap 

^  y  [  (M,)^  +  (U2)^  ]  {(  c  1-f  C2(f-5)+C3(r-s-)" )  exp(-C4(f-,v )) }; 
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C,s  arc  positive  constants  which  depend  on  a>  Q  and  b  only.  (Recall  that 
Q=  {a  ,b)x{a  ,h)  )  Therefore 

T  t 

j  J  (L^-Lo)Ht  s)dsdt 
0  0 

T  t 

>  —  J  {(  C 1+ C2(t-.s )+ C3(r-i' )" )  exp(  -  Cjt  /  -  .V ) )  U/.v  (/r 

^  0  0 

>  —  Mu  ll^c  .7  =  C  .  IIh  11^. 

T 

for  large  T.  (Follows  from  Lemma  3.2  (iii)  and  Remark  3.1)  Thus  (iii)  follows 
and  we  finally  get  that,  for  large  T . 

E  c\p(-j  Z  r(u))  <  exp( -C'llu  11‘) 

where  C'>  0,  depends  on  a  and  b  only.  This  is  the  statement  of  the  lemma. 

For  ueR^  let 

Z  Q{Li)  =  u'Y Q-  u'Z  u  (3.1S) 

where  T 0  is  a  zero  mean  bivariate  Normal  with  covariance  matrix  S. 

Now  we  will  show  that  finite  dimensional  distributions  of  Z  /  lii)  converge 
to  the  finite  dimensional  distributions  of  Zq(u)  as  T  — ^  .  This  together  with 
Lemmas  3.3  and  3.4  verify  all  the  conditions  of  Theorem  3.1  and  hence  prove 
Theorem  2.1 . 

The  convergence  of  finite  dimensional  distributions  is  shown  in  two  steps 
First  we  define  random  functions  Z*j(u)  (with  domains  U j)  such  that  for  any 
fixed  u  &  U  T  ’ 

E  (Zt(u)-Z*t(u))'^  ->  0  as  T  00.  (3.19) 

Next  we  shov^  that  finite  dimensional  distributions  of  Z  /  (u)  converge  to  the 
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finite  dimensional  distributions  of  Z  q( u  ). 

These  two  steps  are  clearly  sufficient  for  our  purpose. 


Let  us  begin  the  first  step  ; 
For  u  e  Ur  let 

T 

r  . 

V  T 


Z*r(u)  =  j  [^/i,(0)+^g,(e)lr/v/ 


0 


“  0 


1  .  it  1  « •)  , 

-j  [  — + 


V  T 


(  .T2()i 


where 


ht(Q)  =  J  -^Lq(c,s)  dy, 


=  f  — -=S==  [l+P(f-i-)-V  a‘+p^(r-.v)l  e  '• '''Jv 
{)  Va-+(32 


j  HQ{t,s)dys 

0 


(3.21) 


and 


gi(e)  =  J  ■^l-QiUs)dy, 


0  Va2+p2 


=  j  GQ(t,s)dy, 


(3.22) 


(Recall  the  two  integral  operators  Hq  &  Gq  with  kernels  Hq{i,s)  and  C0(r,.v) 

defined  in  Section  2  (sec  (2.7)  and  (2.9))  it  turns  out  that  Ha{t,s)=  -^—LQii.s) 

da 

and  Ge(f ,5)  =  —^0(1, 5).) 

dP 
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Lemma  3.5  For  ii  e  Uj, 

E  (Z  i(  u  )  -  Z*  j(  u  — >  0  as  T  ^ 


Proof  This  proof  is  almost  identical  to  that  of  Lemma  v.v  From  i  v7i  aiul 
(3.21) 


Zj(u]  -  Zt*(u)  ~  TERM  A  -  ^  TER  MB 


( .L2.T 


1  a\ ( « )-x,( ())- ( — Y  I  ^  — Y  '  I 


( [x,(iO--v,(0) ]“ -  ( yy  ~~Y  *  y >  I'  > 


Let  US  consider  E  (TERM A  Since  (v, )  is  a  Wiener  process. 


EiTERMAr^  Ej  (  X,  ( i<  )-X,  (  B)  +  -^  C,.  <  B) )  I"  Jr 

0  ''  ^  s  r  ' 


=  Ef  (j  (L„-Lo-(^^  +  -iG))(f„v)r/vJ^/f 
0  0  ' 


r  / 

2  r  r  ,  '<!  ‘*2 

^  ( 1  +  — — )  f  f  (Ly  —  Lq—  ( — =  //  I - G  )}~[  I  ,s  )  tE  di 

P'  Vo  “  "  '•T  vT 


where 

/■ 

TERM  A  =  I 
0 

and 

r 

TER  MB  =  I 

0 


The  last  step  is  obtained  using  the  same  arguments  as  in  (3.7)  -  (3.13).  Now  note 
that,  using  Taylor  expansion, 


Ml  U-, 

{L^-LQ-(-^H  +  -~Gmt,s) 
\  T  s  T 


a- 

27  aa^  27 


+ 


M  I M  2 


B  a^  p 


L^){:  .s  ) 
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tor  some  u  e  (0,0+  — =•)  c  0.  Therefore 

7 


u  ]  u  ^ 

i  L  L  +  ))-([, s) 

\  T  \  T 


<  —  (U^-+U2~)-  sup\  {-—Lq)-+  (-— L0)-+  (■----  7,))-l(f..s  ) 

T~  Bes  da-  dp- 

<  C  - ; —  [  ^  ( !-  s  }  I  e X p(  - C  ,(/-.;)). 

^ "  1  =  0 

(The  positive  constants  C  and  Cj  depend  on  j  and  h  onl\  i  rherelorc 
2  r  r  1 

{  1  +  — r  I  I  { L —  L  i\—  {  — H  +  — ~G  )  1 '( f  ,.v  i  lis  di 
[3-  L  7 


(I  0 


^  7 


<  C  I  I  1  ^  .V 1  exp(  -  C  ,( r- .V ) )  c/.v  (7 

7"'  0  0  1  =  0 


7  ; 


<  c 


.  7  -^0  as  7 


( since  u  e  6’  /  is  fixed)  Thus  £  ( TER MA  )-  0  as  7  — >  oc 

The  steps  to  show  that  E  (TER  MB  0  as  7  — ^  oo  are  also  ver>  Mmilar  I'sine 

the  Cauchy  -  Schwartz,  inequality  we  get 

,  /  -  -  t<  1  « ^ 

/TERMBl-<  (J  (.V,{  «  )-A',(0)  +  (  /;,(0)-e ed  0(  I  Cc7  ( 


7 


X  (  f  lX,{i<  )-X,(())  -  (— i  /!,(0)+ — CM  01  )  \  -  dl  ) 

7  V  7  '.7 


Again  applying  the  Cauchy  -  Schwartz  inequality  wc  get 

E(TERMBr<  {E(  \  [JV, («  )-X, (0)  +  ( -^ //,  (  0)+ C,  (  >  1  m/7  ) ' 

7 

X  £  (  J  I X,  ( i< )  -  .V,  (())-(  — /;,  (  0 )  +  — c'i  (  0 1  )  I  m/7  ) '  1  ■ 
0  ^  '■  7 
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Since  all  the  processes  involved  arc  Gaussian  we  can  use  Lemma  3.1  (i)  and  then 
with  some  simple  manipulations  we  gel 

E  (TER  MB  r 

I  j  r 

<  C((£j  [AViO--v,(0)i^/o"+ /  [/;ve)+,gve))G/n-)- 

0  E~  {) 

X  E  (TERM A 

Taking  iv  =  0  in  the  calculations  ot'  E  (TERM  1  in  Lemma  v>.c  get 

I 

(E  j  \X,{u)-X, ({))]- city  <  C  Wu  ll-'. 

0 

Also,  it  is  easy  to  verily  that 
/ 

(E  j  +  <  C  T-. 

(I 

Therefore  we  get  that 

E  (TERMB  r  <  C  Wu  \  \~  E  (TERMA  r  L'  as  T  °o  , 

This  concludes  the  proof  of  Lemma  3.5. 

Now  let  us  begin  the  second  step  ; 

First  we  state  a  version  of  Central  limit  theorem  which  is  useful  for  our  purpose 
(see,  Basawa  &  Prakasa  Rao  (1980).  Theorem  2.1.  Appendix  2.  pp  405). 

Let  {fV'(r),f>  0  )  denote  the  standard  m  dimensional  Brownian  motion.  Suppose 
that  E{s)=  ( '..At;  (.V ) )  )„ xm  '''  ^  random  matrix  valued  function  such  that  its  ele¬ 
ments  /ty  £  H  {(),T  \  for  all  T>  1).  (A  random  function  /  e  //|(),/'|  i:i  u  is 
adapted  to  the  Wiener  filtration  and 

T 

£  j  /  ‘( r )  c/f  <  <»  . ) 

0 


Sol  f  ;.  ( ,v  )  =  (  (\  ;  ( ,v  > . ( .V  ) ) .  1  <  k<  n. 

Theorem  B  &  1*  ;  Suppose  that  the  random  matrix  valued  functhn  F(s)  satiafies  the 
folUnvin^  condition  : 

T 

—  j  <  f  f  j{s)>  ds  ->  Ci^j 

in  probability  as  T  where  c^jA^  k  J<  n  are  finite.  Then  the  disinbution  of 

T  “  j  F(s)d\V{s) 

0 

conventcs  to  the  Sorrnal  distribution  with  mean  zero  and  covariance  matrix  C  ~  ic\j)  as 

Y  - >  CO 

From  iho  above  result,  the  fact  that  (v,)  is  a  Wiener  process  and  ihe  special  lorms 

of  Z  *  /  ( it)  and  Z  q(  ;<  )  it  is  clear  that  we  only  have  to  show  the  following: 
r 

1  . 

1)  —  J  h-AQ)  dt  o,- 
'  0 
^  /■ 

ii)  —  J  A' V6)  dl  02' 

^  0 
/' 

iiil  —  j  ^,  ( 0)  h,  (Q)  dt  -4  0  1  2  in  probability  as  f  — >  =«  . 

'  0 

fNote  that  just  as  Z  q(u)  fsec  f  3.1  8))  we  can  write 
Z*r(iO  =  it'QT(Q) — ^u'A7-(9)m 

where  Qt(Q)  is  bivariate  Normal  random  variable  and  AjAQ)  is  2x2  random  sym¬ 
metric  matrix  described  as  below: 

r  T 

Q,(e)^(-Lj  h,mdv„  gAQ)dv,y 

''  '  0  ^  '  0 


and 
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A7',i=yj  h^,{Q)  (It,  At21=  Y  I 
‘  0  ^0 

T 

^T]2  =  Y  \  i'/(9)  ^i/(0)  dt. 

Showing  (i),  (ii)  and  (iii)  amounis  to  showing  that  A7  (6)  converges  lo  I  in  prt)- 
babilily  which  in  turn  implies  that  Qt{^)  converges  to  K g  in  distribution.) 


Let  us  first  show  (  i):  We  will  show  that 
r 

£  (  —  j  h"i(Q)  (it  -  <3  i~  )'  0  as  7  — >  «> . 

r 

Let  M  r  =  f  y  V®)  dt- 
‘  0 


Now 

T 

£(^|  h-,(e)cit-oCn- 
‘  0 

r 

<  /r^e)  Jr  -  Mr  )^+ 2(Mr-af )“. 

Consider  the  first  term  on  the  RHS; 

T  T 

£(yj  Jr- Mr  )^  =  £  (  Y  j  h-,(d)  di  )- -  (M  ,)- 
‘  0  ‘  0 

T  T 

=  -Lj  J  (Eh-,  h\.)ds  di  -  [\1  ,  )- 
E"  Q  0 

Let  J{s  j)  =  Eh,  h/,  then  since  (/t, )  is  a  Gaussian  process 
£  /i',  /i',  =  2J^{s,i)  -b  J{t,t)J{s,s). 

T 

This  together  with  the  fact  that  M-r  ~  |  J{tj)dt  implies  that 

^  0 


E  h-,i  d)dt-  M  J  I  J~{s  j )  iis  di 

‘  {)  0  0 


=  trace  iJ J* ) 

t2 


<  trace  U)  I U  1 1 

t2 


where  J  is  the  integral  operator  corresponding  to  the  symmetric  kernel  Jls  J). 

t 

Since  =  J  HQ(t,s]d\\.  it  is  easy  to  check  that  J  =  H  R  H  +  H  H  .  I  liere- 
0 

fore,  using  Lemma  3.3  (i)  and  (ii)  we  get  that  IUil<  C  and  trace . I  <  C  T 
Thus 

£(— I  h^,(d)  dt  -  M  r  ^  ~CT  0 


as  T  .  Therefore  (  i)  is  proved  if  we  show  that 


M  J  — ^  ^  I  *”  ^  ^  °°  ■ 


However  note  that 


Mt  ^  Eyj  h\{Q)dt  =  J{t,t)dt 
‘  0  '  0 


=  -y  traced  =  -y  [  trace ( HR H  *)  + trace  I H H  )  j. 


Therefore 


lim  M  T  =  <7  2^- 

7  — >  oo 


Thus  (i)  is  proved.  The  verification  of  (ii)  is  exactly  identical.  Then  only  (iii) 
remains  to  be  verified.  Let 


T 

Vt  =  E  g,{e}h,(Q)dt. 
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Consider 

r 

Eijrj  f^,iQ)h,iQ)dt--  V,  )" 

'  0 

r 

=  £(^j  g,(Q)h,{Q)dt)--(Vrf- 
‘  0 

T  T 

=  1  J  (Egtgs^K)  dsdt  -  (Vt)^- 

T-  0  I) 

Note  that  if  q],^2’S3'^4  ^^e  jointly  No'-mal  then 

£(^1^2^344)  =  £(^i£2)^(s3U  +  ^(^iS3)^(s2;4)+  ^(;i;4)fUS3)- 
Therefore,  if/  (s  ,t)  =  £(j?,j’^)  and  K  (s,l)=  Eih^gt), 

Egig^hihs  =  I  it  ,s)J  it  ,s)  +  K  {t  J)K  {s  ,s)  +  K  {t  ,s)K  is  J  ). 


Therefore 


r  r 

(£gigs/t,/ts)  )‘ 

T'  0  0 


T  r 

-^1  J  (I  (t  ,s)J  (t  ,s)  +  K  (t  ,i)K  is  ,s)+ K  it  ,s)K  (s  j ) )  dsdi 

T'  0  0 


T  T 

-yj  J  iK  it  ,t)K  is  ,s))  dsdt 
T  ^  o  n 


T  T 

j  j  il  it  ,s)J  it  ,s)+  K  it  ,s)K  is  ,c)]  dsdt. 

T  0  0 


T  T  J_  T  r  J_ 

<  l^it ,s)dsdt)'^  i^  j  jHt,s)dsdt)'^  ] 

T"  0  0  0  0 


T  T 

+  ~[(j  I  KHt,s)dsdt)  ]. 
0  0 


Using  the  facts  from  Lemma  3.2  and  Remark  3.1  it  is  easy  to  see  that  the  above 
terms  tend  to  zero  as  T  — >  oo .  Let  K  be  the  integral  operator  with  kernel  K  (sj) 
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then 

K  =  HRG*  +  HG*. 

Thus  (iii)  is  proved  since 

T 

lim  V  f  =  ^  lim  [  K  {t ,t)  dt 

T  — '  f  _>oo  ^ 

=  lim  trace  [  HRG*  +  HG*  ]  =  017 

T  J 

This  concludes  the  proof  of  Theorem  2.1. 

Remark  3.2  Here  we  brielly  explain  the  reasons  why  Kutoyanis's  method  lor 
studying  the  asymptotic  properties  of  the  m.l.e.  of  a  in  the  model  given  in  (  1.2)  can 

not  be  applied  to  the  problem  considered  in  this  article.  First  let  us  recall  the 

model  given  in  ( 1 .2): 

dXi  =  -  Xi  dt  +  dW  1  ( r ) ,  -x:  0  =  0 

dy,  =  aXidt  +  dW  2(t),  Vq  =  0;  ^  e  {a,h),  a  >  0.  (3.24) 

(We  have  set  (3  =  1  for  simplicity.) 

Just  as  before  if  we  denote  by  x,(y,a)  the  conditional  expectation  of.x:,  given  the 
observations  up  to  time  t  and  by  v,  the  innovations  process  i.c., 

dVf  =  dy'i  ~  aXidf, 

then  V,  is  a  standard  Wiener  process.  Furthermore  it  is  easy  to  sec  tliat 

In  ■  (y)  =  j  [  aii,(y,ai)  -  aoi,(T  Oq)  ]  dv, 

0 

T 

j  [ci.iX,(y,aO- aox,{y,ao)]^  dt 
~  0 

T  T 

r  ’  r  ■> 

=  J  f  n,(a,)-Ti,(ao)  !  tfv,  - -r  J  (  n,(a,)-Ti,{ao)  I" 

0  ^  0 


(3.2.3) 
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I 


I 

I  0 


\ 


where  v,  is  defined  by,  civ,  =  civ,  -  a^Xi  dt  and  =  o.x.(a.}. 

Let  tto  be  the  true  parameter  and  let  a  denote  the  m.l.e,  of  a,).  Kuioyanis 
'■'t”.di“S  the  nvvrnptntic  properties  of  a  using  Ibragimov  &  Hasminski’s  approach  and 
thus  he  too  verifies  conditions  similar  to  those  of  Theorem  3.1.  however,  for  veri¬ 
fying  these  conditions  he  uses  the  following  special  structure  of  the  process  r|,(aj: 


ciri',(a)  =  -  g(a)  r|',(a)  cir  + 


a 


gio.) 


civ,,  ri',(())  =  0; 


(3.26) 


where  r|', (a)  =  — — r|,(a),  g{a)  =  V  la- a’  and  v,  is  a  Wiener  process  w.r.i. 
cia 

.  Moreover,  if  we  denote  r],  (aQ)-ri,  (a)  by  (a)  then  it  is  shown  that  c,  ( a) 
satisfies  the  SDE, 


ci^,  =  -^(a)  4,  cif  +  [g(a)-.g(ao)l  tilL,  (3.27) 

where  W,  is  a  Wiener  process  (w.r.t.  P ) 

The  relation  (3.27),  the  form  of  ihe  likelihood  function  (see  (3.2.3))  and  the 
following  result  of  Novikov  (sec  Liptscr  &  Shiryayev  Vol  11.  Lemma  !7.3.  pp  2f)S; 
help  verify  the  condition  corresponding  to  the  second  condition  of  Theorem  3.1 . 


Proposition  3.1  Assume  that  a  zero  mean  Gaussian  process  satisfies  the  following 
SDE: 


ci^,  =  a^,dt  +  dW,,  ^0=  0, 

where  IT,  is  a  standard  W iener  process  and  a  is  a  real  number.  Then 

T 

£exp(-J  q,^cif  )  =  expC-^TC,,) 

0 

where  is  a  psiiive  constant. 

The  exact  value  of  C„  is  unimportantand  and  so  is  not  given  (the  proof  of  this 
result  is  not  applicable  for  more  general  Gaussian  processes).  In  the  same  fashion 
the  relation  (3.26)  is  used  to  verify  the  other  conditions  of  Theorem  3.1 . 


L 


In  Ihc  case  of  estimation  of  P  no  similar  simplifications  are  possible,  for  exam¬ 


ple  here  (setting  a=  1), 

dP  ^  ^ 

In  ( V )  =  J'  1  i,  (>’ ,  P 1 )  -  (>• , Po)  J  d  V, 

0 

T 

--7  J  [i,(>’,Pi)--t,(>’,Po)  (3.28) 

"  0 


and  we  would  like  a  relation  similar  to  (3.26)  to  hold  for  .r/(P)  =  — (P). 

t/p 

However,  from  the  relation 


dx.  =  -  P  i,  r/r  -f-  /I  t/  v, ; 


it  is  possible  to  show  that 


dx/  =  -B  /x/dt  +  Xi  dt  +  A  'j^dv^; 

which  is  much  more  complicated  equation  than  (3.26).  In  the  same  way  there  is  no 
relation  corresponding  to  (3.27)  for  the  differences  (>' ,p  j )  -  .x,  (y  .P,,)  and  thus 
Novikov’s  result  can  not  be  used.  As  the  reader  may  recall  (sec  Lemma  3.4),  we 
resorted  to  Lemma  3.1  (ii)  in  verifying  the  second  condition  of  Theorem  3. 1 . 
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